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Abst rac t - - In  this paper, we offer an application of Hayashi's generalization f Steffensen's inequal- 
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integral inequality for convex functions. Some applications for special means are also given. 
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1. THE MAIN RESULT 
To prove our main result, we shall need the following generalization of the well-known Steffensen's 
inequality which is due to Hayashi [1, pp. 311-312]. 
THEOREM 1. Let f : [a, b] --, R be a nonincreasing mapping on [a, b] and g : [a, b] --* R an 
integrable mapping on [a, b] with 
0 <_ g(x) <_ A, for ali x e [a, b]. 
Then,  the following inequality holds 
A f(x)  dx < f(x)g(x) dx <_ A f(x)  dx, 
--)~ *Ja 
where 
THEOREM 2. Let f : I C_ R ~ R 
(:) 
lib )~ -- -~ g(x) dx. 
be a differentiable mapping on I ° and [a, b] C I ° with 
M = sup~e[a,b I i f(x) < ~,  m = infxe[a,b] if(X) > - -~ and M > m. I f  f '  is integrable on [a, b], 
then the following inequality holds 
~-al ,a Ib f(x)  dx f(a) +2 f(b) <_ If(b) - f(a) - m(b2(M-_a)][M(bm)(b --a)a) - f(b) + f (a)]  (2) 
< (M-  m)(b -  a) (3) 
- 8 
PROOF. Let f (x)  = a - x and g(x) = if(x) - m, and apply Hayashi 's inequality, to obtain 
~b b /a+)~ (M-  m) (a -  x) dx < I < (M-  m) (a -  z) dx, 
--)~ Ja  
(4) 
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A = m 
~a b 
I ---- (a - x ) ( f ' (x )  - m) dx, 
1 £ - ( f ' (x )  - rn) dx = f (b )  - f (a )  - m(b  - a)  
M m M-m 
_ (~ - ~)e~ -- ~ [(b - ~ - ~)~ - (b - ~)'] ,  
/ a+A A2 (a - x )  dx  = 
J a  2 
the inequality (4) is the same as 
- < I<(M-m)  - =g2.  
2 -- -- 
Next, since 
£1 + g2 ° 
- - - - - ~  - + 2 
_-- (M - m)[-A(b - a)] = m(b - a) 2 (b - a)( f (b)  - f (a ) )  
2 2 2 
and 
it follows that 
~a b (b - a) 2 
I = f (x )  dx - (b - a ) f (b )  + m T 
I I£ + ~2 = f (x )  dx -  (b - a)f(b) + m (b -  a)______ 2 2 2 
~ b f (b )  = f (x )  dx - (b - a) f (a )  + 
2 
m ~  4- (b -a ) ( f~b) - f (a ) )  
(5) 
We also have 
r I 
-T  - +T 
M-m 
- 2 [ -a~ +(b-~)~]  
= [/(b) - / (a )  - m(b - a)] [M(b - a) - f(b) + f(a)] 
2(M - m) 
(~) 
Now on combining (5) and (6) we immediately obtain the inequality (2). 
To prove (3), we define the mapping g : R --* R,g(t) = - t  2 + (b - a)t. It is clear that 
(~- )  (b -a )2  for all t e R. 
g(0  <g = 4 ' 
(7) 
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We choose 
so that; 
t = A = f(b) - f (a)  - m(b - a) 
M-m 
M Z2 mg(A ) = If(b) - f (a)  - m(b-  a) ] [M(b-  a) - f(b) + f (a)]  
2 (M - m) (8) 
From (7) and (8), we have 
M - (M - m)(b - a) 2 
mY(A) <- 8 ' 
which in view of (2) proves the required inequality (3). 
COROLLARY 3. Let the conditions of Theorem 2 be satisfied, and [[f'l]oo = suPxE[a,b] [ f ' (x)!  < oc. 
Then, the following inequality holds 
] ~-al i b f (x )  dx f(a)  +2 f(b) _< IIf'llL [(b~f_.x_H~((ff.~._a)- a) 2 - (b) - f (a))  2] 
< IIf'll~(b - a) 
- 4 
PROOF.  The corollary follows from Theorem 2 by choosing m = -Ilf'[l~ and M = ]lf'l]~. 
REMARK 1. The first inequality in Corollary 3 was proved by Lyengar in 1938 (see [2, p. 471]) 
by means of geometrical arguments. 
The case of convex mappings is embodied in the following corollary, which is very important  
in applications. 
COROLLARY 4. Let f : I C_ R --* • be a differentiable convex mapping on I ° and [a, b] c I ° with 
f '  ( b ) 7': f '  ( a ). Then, the following inequality holds 
f (a)  + f(b) 1 fb  0 <- 2 b -a ja  f (x )  dx 
< [f(b) - f (a)  - f ' (a)(b - a)] [f'(b)(b - a) - f(b) + f (a)]  
- 2 (f'(b) - i f(a)) (b - a) 
< (f'(b) - f ' (a ) ) (b -  a) 
- 8 
PROOF. The corollary follows from Theorem 2 and the observation that  we can choose m = ft(a) 
and M = f ' (b).  
REMARK 2. For a convex mapping f : [a, b] ~ R, the double inequality 
f <- b -a  f (x )  dx< 2 
is well known in l iterature as Hermite-Hadamard 's  integral inequality [3] and references therein. 
The result of Corol lary 3 gives a counterpart  of the above inequality. Indeed, we have 
f (a)  + f(b) 1 fb  
2 b -a Ja  f (x )  dx>_O, 
when the mapping f is differentiable on I °, i.e., in the usual cases which are important  in 
applications. 
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2. APPL ICAT IONS TO SPECIAL  MEANS 
For a, f~ > 0 we recall the means 
A(a,B) = 2 ' 
G(~, 8) = v~,  
2 
H(a,]~) = ( l /a )  + ( l /E ) '  
f~-a  
L(6, f~) = In f~ - In a '  
1 (~f~) 1/(ig-a) 




logarithmic mean (a ¢ t3), 
identric mean (6 ~ f~), 
Lp(6,l~) = L(~])(--F-W)J ' generalized log-mean (6 ~ f~), p ¢ -1 ,0 .  
Now we shall use the results of Section 1 to prove the following new facts for the above means. 
PROPOSITION 1. Let p >_ 1 and 0 < a < b. Then, the following hold 
p [L~- ] (a ,b ) -ap -1] [bp- l - L~- ] (a ,b ) ]  
0 < A(a p, b p) - L~(a, b) < - -  2(p 1) p-2 - Lp_2(a , b) 
<- P (Pz  1) (b - - a) 2 Lp_2(a,b).p-2 
o 
PROOF. By Corollary 4 applied to the convex mapping f (x )  = x p, p > 1, we have 
0 < aP+bP 1 fb 
- -  x p dx 
- 2 b-a  A 
< [bP-aP-PaP-1(b-a)] [pbp-l(b-a)-b p +a p] 
-- 2p (bp-1 - ap -1) (b - a) 
p(b p-1 -a  p-l) (b-a) 
< 
- 8 
Proposition 1 now follows from the facts that 
b p - a p = p(b - a)L~Z~(a, b), 
and 
b p-1 a p-1 (p -  1)(b p-2 - = - a)Lp_2(a, b). 
PROPOSIT ION 2. Let 0 < a < b. Then, the following hold 
(b -a~ 2 L(a,b) (b;ab)2. 0 <_ L(a,b) -H(a ,b )  <_ L(a,b) \a+b] < (9) 
PROOF. By Corollary 4 applied to the convex mapping f (x )  = 1/x on [a, b] C (0, oo), we have 
o<_ l /a+l /b  l nb -  lna 
2 b -a  
< [ l ib  - l l a  + ((b - a)/a~)] [ - ( (b  - a) lb  2) - l i b  + l /a ) ]  = R, (say) 
- 2 (1 /a  2 - 1 /b  2) (b - a )  
< ( l la  2 - l ib  2) (b - a) 
- 8 
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However, since 
and 
it follows that  
Consequently, we get 
1 1 + b-_____aa = (b -  a) 2 
b a a 2 a2b 
b - a 1 1 (b - a) 2 
b 2 b a ab 2 
R = (b -  a) 2 
2ab( a + b ) " 
0 < H- l (a ,b )  - L - l (a ,b )  < 
(b -a )  2 < (b -a )2(a+b)  
2ab(a + b) - 8a2b 2 ' 
which is equivalent to (9). 
PROPOSITION 3. Let  0 < a < b. Then, the fo l lowing holds 
0 < In I (a ,  b) - In G(a ,  b) < ab [In (a /b)  + ((b - a ) /a ) ]  [ln (b /a)  - ((b - a ) /b) ]  < (b - a) 2 
- - 2(b - a) 2 - 8ab 
PROOF. The proof follows from Corollary 4 applied to the convex mapping f (x )  = - In x. 
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